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Abstract 

The unimodularity condition for a Poisson structure (ie., a Poisson structure with 
a trivial modular class) induces a Poincare duality between its Poisson homology 
and its Poisson cohomology. Therefore an information about the Poisson homology 
of this kind Poisson structures induces by duality an information about its Poisson 
cohomology and vise versa. But this is not longer true in the case of a non trivial 
modular class. That is the case of Generalized Jacobian Poisson Structures (GJPS). 
In this paper, we consider certain GJPS in dimension 3 and obtain properties of their 
Poisson homological groups and their Poisson cohomological groups. More precisely, 
under some assumptions, we obtain the Poincare series of these Poisson homological 
groups and we compute explicitly these Poisson cohomological groups, except the 
second group which seems more complicated to obtain. 

Introduction 

The Poisson homology has been introduced independently by Brylinski [I] (as an im- 
portant tool in the computation of Hochschild homology and the cyclic homology), 
and by Koszul and Gelfand-Dorfman (inspired by the algebraic approach in the study 
of bi-hamiltonian structures). There exists a dual notion, the Poisson cohomology, 
introduced by Lichnerowicz |17] , This duality is however very subtle. One obtains the 
Poincare duality only for a certain class of Poisson structures, called unimodular Pois- 
son structures. The obstructions to the unimodularity are contained in the modular 
class introduced by Weinstein [33]. Note also that this kind of duality exists between 
the Hochschild homology and the Hochschild cohomology for a class of associative 
algebras called Calabi-Yau, introduced recently by Ginzburg [TT] , as an algebraic tool 
of the study of Calabi-Yau manifolds and the mirror symmetry. Hopefully, one can 
have some relation between the unimodular Poisson structures on a smooth manifold 
and the Calabi-Yau algebras. This link has been clarified recently by Dolgushev [5J. 
He showed that the deformation quantization of a Poisson algebra (A., tt\ — {•,•}) on 
a smooth Poisson manifold is Calabi-Yau if and only if the formal Poisson bracket 
7T/J = + TT\h + 7^/1 + • • • , (where h is the deformation parameter) associated to the 
star product, is unimodular. But the problem is that tt\ can be unimodular while iTh 
is not. This is the case of algebras given by a potential in dimension 3, introduced by 
Ginzburg , which arise as deformations of Jacobian Poisson structures (unimodu- 
lar), but which are not always Calabi-Yau algebras [3J. It means that when we deform 



1 



a unimodular Poisson brackets, the trivial modular class can be deformed to a non 
trivial one. Then it is natural to think that the obstructions to the unimodularity 
when one deforms a unimodular Poisson structure should be contained in some coho- 
mological class. The goal of this work is not to study directly this problem, but to 
study the properties of Poisson homological groups and Poisson cohomological groups 
of certain Generalized Jacobian Poisson structures in dimension 3 which have a non 
trivial modular class. This will allow us to understand the role played by the modular 
class on the "Poincare duality". 

The paper is organized as follows: in Section 1, we remain elementary notions about 
Poisson algebras and Poisson manifolds. In Section 2, we give the definition of the 
Poisson (co) homology, the modular class and the unimodularity. Section 3 and Section 
4 are devoted respectively to some vectorial notations and homological tools we will 
use later. In the last two sections (5 and 6), we obtain respectively properties of the 
Poisson homology and the Poisson cohomology of certain GJPS in dimension 3. 

1 Poisson algebras and Poisson manifolds 

Let us start by recalling some preliminary facts concerning Poisson algebras and Pois- 
son manifolds. 

In the whole paper, if is a field of characteristic zero. 

Let TZ be a commutative if-algebra. TZ is a Poisson algebra if it is a Lie algebra such 
that the bracket is also a biderivation. This is equivalent to say that TZ is endowed 
with a if -bilinear map {•, •} : 1Z x 1Z — > 1Z which satisfies the following properties : 

{a, be} — {a, b}c + b{a, c] (The Leibniz rule); 

{a, b} = — {b, a} (antisymmetry); 

{a, {b, c}} + {b, {c, a}} + {c, {a, b}} — (The Jacobi identity), 
where a, b, c G 1Z. 

Then the bracket {•, •} is called the Poisson bracket on TZ and one can also say that 1Z 
is endowed with a Poisson structure. The elements of the center of a Poisson algebra 
(TZ, {■,•}) are called the Casimirs and we denote them by C(1Z, {•,•}) or just C(7Z), 
when there is no confusion, a G C(1Z, {•, •}) iff {a, b} = 0, for all b G TZ. 

A manifold M (smooth, algebraic,...) is said to be a Poisson manifold if its function 
algebra A (C°°(M), regular,...) is endowed with a Poisson bracket. 
Let us consider some specific examples of Poisson algebras. Let 

1 I 2 i 2 , 2\ 

q 2 = ^(xl + J x x\ + J 2 x\ + J 3 xf), 
be two elements of C[xo, x i, x 2, £3] where Ji G C. 

We have a Poisson structure it on C 4 , or on C[x , x\, x 2 , x 3 ], such that the bracket 
between the coordinate functions are defined by (mod 4): 

{ x 0i x i\ ~Jjk x j x k\ 
\Xj , Xk } — XtyXi, 

where Jjk = —{Jj — Jk) and (i, j, k) forms a cyclic permutation of (1, 2, 3). 
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These algebras, called Sklyanin algebras, were discovered by E.Sklyanin within his 
studies of integrable discrete and continuous Landau-Lifschits models by the Quantum 
Inverse Scattering Method [24 ,[25 . These algebras are intensively studied ([T5] [S], 
[2"6] , [55], [29J ) . We will denote these algebras by qi(£), where £ represents the elliptic 
curve which parameterizes the algebra (via Ji, J2, J3). We can also think about this 
curve £ as being a geometric interpretation of the couple q\ = 0, q% = embedded 
in CP 3 (as was observed in Sklyanin's initial paper). The Sklyanin algebras are also 
called elliptic due to their relation with the elliptic curves. It is interesting to note 
that almost at the same time where the Sklyanin algebras were introduced, the ellip- 
tic algebras with 3 generators were discovered and studied by M. Artin, J. Tate, T.A. 
Nevins, J.T. Stafford and their students and collaborators among whom we should 
mention M. Van den Bergh whose contribution to the study of the Sklyanin elliptic 
algebras is very important [2j,[lJ. 

These two Poisson algebras (Sklyanin and Artin- Tate) have two important gener- 
alizations: the first from the work of Feigin and Odesskii [5], q n ,k(£), where £ is the 
elliptic curve and n, k are mutually prime integers. This class of Poisson algebras ap- 
pears as a quasi-classical limit of quadratic associative algebras denoted by Q n ,k(iV)i 
where 77 is a generic point on the elliptic curve £ . These are called Sklyanin-Odesskii- 
Feigin Poisson algebras or just elliptic Poisson algebras. Recently, in a paper [35] in 
collaboration with Giovanni Ortenzi and vladimir Rubtsov, we focussed ourself on the 
important invariance property of elliptic algebras. Let us remind that if we have an 
n— dimensional vector space V and fixed a base Vo,... ,i>„_i of V then the Heisen- 
berg group of level n in the Schrddinger representation is the subgroup H n C GL(V) 
generated by the operators 

o~ '• Vi y Vi-i;r : v. t ->■ £j(uj); (ej™ = l;0<i<» — 1. 

This group has order n 3 and is a central extension 

1 -> U n -> H n -> Z n x Z„ -> 1, 

where U n is the group of n— th roots of unity. This action provides the automor- 
phisms of the elliptic algebra which are compatible with the grading and defines also 
an action on the "quasi-classical" limit of the elliptic algebras - the elliptic Poisson 
structures q n ,k(£)- We showed that the extension of the Heisenberg group action to 
more wide family of polynomial quadratic Poisson structures, called iJ-invariant Pois- 
son structures, guarantees also some good and useful features and among them the 
unimodularity property. 

The second generalization is the class Poisson algebras defined as follows: consider 
n — 2 polynomials Qi in K n with coordinates 2^, i = 1, n. We can define, for any 
polynomial A G K[x\, x n ], a bilinear differential operation : 

{•, •} : K[xi,...,x„] ® K[xi, ...,x„] — ► K[xi, x n ] 

by the formula 

{/, 5> = A -z — — - — —j , f,g G K[xi,...,x n \ 1 

dx\ A dx 2 A ... A dx n 

This operation gives rise to a Poisson algebra structure on K[x±, x n ]. The polyno- 
mials Qi,i = 1, ...,n — 2 are Casimir functions for the brackets defined by the equation 
(fTj) and if Qi, ■ • • , Q n -i are functionally independent, then any Casimir is an element 
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of polynomial algebra K[Qx, ■ • • , Q n -2\ - It lias been proven that any Poisson structure 
on K n , with n — 2 generic Casimirs Qi, can be written in this form. Every Poisson 
structure of this form is called a Jacobian Poisson structure (JPS) ( [14) . |15| ) for 
A = 1 or generalized Jacobian Poisson Structure (GJPS) when A does not belong to 
K[Q U --- ,Q B _ 2 ]. 

The main property of JPS and Sklyanin-Odesskii-Feigin Poisson algebras, or more 
generally quadratic iJ-invariant Poisson algebras, is that they are unimodular, but 
this is no longer true for GJPS. 

2 Poisson (co) homology- unimodularity 

Let (A, 7r = {■,•}) be a Poisson algebra. 

2.1 Poisson (co)homology complex 

We recall that the ^4-module of Kahler differentials of A is denoted by ^(A) and the 
graded .A-module il p (A) := f\ p is the module of all Kahler p-differential forms. 

As a vector space, respectively A- module, £l p (A) is generated by elements of the form 
FdFi A ... A dF p , respectively dF\ A ... A dF p , where F, Ft 6 A, i = 1, ...,p. We denote 
by ft' (A) — ©p £ N^ p ("4), with the convention that &P(A) — A, the space of all Kahler 
differential forms. 

The differential d : A — > ^(A) extends to a graded X-linear map 

d ■. sr(A) — > n' +1 (A) 

by setting : 

d{GdFx A ... A dF p ) := dG A dFi A ... A dF p 

for G, Fx, F p G A, where p £ N. It is called the de Rham differential. It is a graded 
derivation, of degree 1, of (Cl*(A),A), such that d 2 = 0. The resulting complex is 
called the de Rham complex and its cohomology is the de Rham cohomology of A. 

A skew-symmetric fc-linear map P G Honiff(A fc „4, ^4) is called a skew-symmetric 
fc-derivation of A with values in A if it is a derivation in each of its arguments. The 
A- module of skew-symmetric fc-derivation is denoted by X k (A) . We define the graded 
^-module 

X'(A) :=0*V) 

feGN 

whose elements are called skew-symmetric multi-derivations. By convention, the first 
term in this sum, X° , is A. 

Let us now introduce two complexes: a chain and a cochain complex. The first is 
given by the Poisson boundary operator, also called the Brylinsky or Koszul differential 
and denoted by 

d : ST (A) — > n—\A) 

d = [in, d] = in o d — doi-n, where i v is the contraction associated to tt. More generally, 
for all Q £ X q (A), we can associate the following ^l-morphism: 

i Q ■. n p (A) — > n p - q (A) 
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i Q (dfi A • • • A dfp) = (-^Qifad), ■ ■ ■ , fa( q ))dfa( q +i) A • ■•rf/ ff(p) , 

if p > q and ZQ(rf/i A • • • A df p ) = if not. 

We denote by S Ptq the set of all (p, q) — shuffles, that is permutations a of the set 
{l,...,p + q} such that cr(l) < ... < o"(p) and er(p + f) < ... < <r(p + q),p,q G N. 
One can check, by a direct computation, that dk is well-defined and a boundary 
operator: dk ° dk+i = 0. 

The homology of this complex is called the Poisson homology associated to (A, tt) 
and is denoted by PH, (A, it) . The dual notion of this is the Poisson cohomology: the 
Poisson coboundary operator associated with (A, 7r) is given by 

5 : X'(A) — >• X' +1 (A) 

<>(Q) = — [Q)7t]sj where [•, is the Schouten bracket: 

[;-} s : X p (A) x X«(A) — ► tf** 9 " 1 ^), 

defined by 

[P,Q]s(F 1 ,...,F J)+9 _ 1 )= ^ e(a)P(Q(F CT(1) ,...,^ 

(g)))-Pff(9+l)j ^r(g+p-l)) 

£ £(a)Q(P(^i) F^jJ.V) F^i)) 

for P G # p (.4), Q G and for F u P p+9 _i G -4 for p, g G N. By conven- 

tion, S P) _i := and S-i, 9 := 0, for p,?eN. One can check, by a direct computation, 
that 5 k is well-defined and a coboundary operator, 5 k+1 o S k = 0. 
The cohomology of this complex is called the Poisson cohomology associated with 
(A,tt) and denoted by PH'(A,n). 

2.2 Unimodular Poisson structure 

In this part, we consider the affine space of dimension n, K n , and its algebra of regular 

functions A = K[x±, x n ]. Let /i = dx\ A • • • A dx n . More generally, we can consider 

the smooth algebra of an oriented manifold and fix a volume form [i. 

The family of maps * M : X k (A) — > fl n ~ k (A), *Q = «q(m) are isomorphisms which 

give us a Poincare duality between the multiderivations and the Kalher differential 

forms. 

Assume that a Poisson structure, n, is given on A. It is natural to ask whether we 
have the same duality between the Poisson cohomology and the Poisson homology. 
Generally, the answer to this question is negative. Besides, it is easy to see that the 
answer depends on the Poisson structure we have. 

Let 

:= (/^odo/ : X' (A) — ► X—\A) 

be the pullback of the de Rham differential under the isomorphism 
We can compute D^tt) and we have the following relation between the Poisson bound- 
ary and Poisson coboundary: 

- *" (D 2 (tt) A Q) = *"<J(Q) + (-I)^K(Q)), 

for all Q G X q {A). Hence if ^(tt) = 0, then the Poisson coboundary is nothing but 
the pullback of the Poisson boundary under the isomorphism * M and in this case, we 
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have a Poincare duality between the Poisson cohomology and the Poisson homology. 
But more generally, one can prove that the vector field is a Poisson 1-cocycle 

depending on the choice of the volume form fi. But its first Poisson cohomological 
class does not depend on the choice of the volume form /i and it is called the modular 
class of the Poisson structure tt. 

We say that a Poisson bracket tt on A is unimodular if its modular class is trivial. In 
this case, we get a Poincare's duality between the Poisson homology and the Poisson 
cohomology [34] . This is the case for JPS [TS] and for quadratic ZJ-invariant Poisson 
structures [22]. But that is no longer true for GJPS. Our purpose is to study how 
a non trivial modular class modifies the "Poincare duality" in the particular case of 
GJPS in dimension 3. 



3 Vector notations 



We are going to present some vector notations which we shall use afterwards. Let us 
consider the following applications and differential operators : 



A* xA 3 



1 



Div(-) 




A 3 

X2Y3 — X3Y2 
X3Y1 — X1Y3 
X1Y2 — X2Y1 




^x? 



A 3 

( OXi 

it 

\ dx 



■ n > 

dz 
dY 3 

$L 

dy 



Div(^)=x; 



i=l 



dKj 

dxi 



We denote by " ■ " the scalar product in A 3 . 

By direct computation, we obtain the following properties : 

Proposition 3.1. The previous operators satisfy the following properties : 

1. ^ x F~t = x ti + x ~($, FeA,teA 3 ; 

2. Div{F~&) = ^F ■ ~& + FDiv0), F e A,~& 6 A 3 : 

3. Div(t x 3) = (f • x ~$) - ~$ ■ x (f), ~P, d g A 3 ; 

4. f ■ x if) = • (i x f), f ~d, if e A 3 . 

According to the definition of Kahler differentials and skew-symmetric multi-derivations, 
we have the following isomorphisms of ,4-modules 



Fxdx + F 2 dy + F 3 dz h 

n 2 (A) 

Fidy Adz + F 2 dz A dx + F 3 dx A dy 

n 3 {A) A 

Udx Ady Adz 1 — > 



A 3 

(Fi, F2, F 3 ) 



A 3 

F 2 , F 3 ) 



A 

U 
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X\A) A 3 

X 2 (A) A 3 

Fl ik A & + F2 m A m + F 3^ a ^ i — > {F U F2,F 3 ) 

X 3 (A) A 



U-S- A#- A#- i— ► U 

ox oy dz 

According to the previous isomorphisms, we can write the de Rham complex in terms 
of elements of A, A 4 and A 6 : 

K ^ A A A 3 A ^ 3 A .A A 

^ i — ► Div(^) 

Proposition 3.2. (Poincare's lemma) T/ie de Rham complex @ o/ £/ie polynomial 
algebra A = K[x,y, z] is exact. 

Proposition 3.3. According to the previous isomorphisms, the Poisson boundary op- 
erators associated with the GJPS on algebra A given by two polynomials, X and the 
Casimir P, can be written, using the vector notations, as follows: 

0^A^A 3 ^A 3 ^A^0 (3) 

where: 

<9i(ff) = -A(^ xl})-^P, J$ e A 3 

d 2 0) = ■ ^P) + \Div0y$P, ~d e A 3 

d 3 (U) = -\f(XU) x ^P, U eA. 

Proof. Let us give a proof of the last formula and let Udx A dy A dz be an element of 
ft 3 {A). We have: 

d 3 (Udx A dy A dz) = {U, x}dy A dz + {U, y}dz A dx + {U, z}dx A dy+ 

— Ud{x, y} A dz + Ud{x, z} A dy — d{y, z} A dx. 

But using our identification, we have d 3 (U) — (K\ 1 K2 1 K 3 ) t . K\ is for example the 
coefficient of dy Adz. 

If \ ( dU dP dU dp\ , tt ( d f\ dP\ d (\dP\\ 

which is nothing but the first coordinate of -^(XU) x ^P. □ 

Let us denote by tt the GJPS given by A and the Casimir P. Then the Poisson 
homology takes the following form: 
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PH ^) = { - H V*-3)%p, W^} 

p H (A n ) = {A(^xi?)-^P=0} 

u ' ' p)+\Div0)^ p, ~3eA 3 } 

prr ( a _N _ {-^(A^-^P) + AJ^(^)^P=0} 

Fife (A t) = {-^(At/) x = 0}. 

Proposition 3.4. According to the previous isomorphisms, the Poisson coboundary 
operators associated with the GJPS on algebra A given by two polynomials, A and the 
Casimir P, can be written, using the vector notations, as follows: 

0^A^%A 3 ^A 3 ^%A^0 (4) 

where : 

S a (F) = -X0F x ^P, F e A 

S^f) = -X^(P ■ + (xDiv(P) -f-^Xj f e A 3 
5 2 (G) = -X$P ■ \f x d - d ■ ($\ x \?P), d e A 3 . 

Then the Poisson cohomology can be rewritten as follows: 

PH°(A, tt) = {F G A, \tFx\fp = 0} 

{'feA 3 , -\^('f-^P)+(\Div(l^)-l^-^\)^p=a} 

PH L (A,ir) = 4 '- 

v ' ' {AVPxVP FeA} 

^ ' ' {-A\?(P > -\fp) + (A_Dii)(^)-P > -\^A) Wp, F^eA 3 } 

PH (A, It) — {A\7p.^xcJ+(5x(^Ax^P), ~deA 3 } 

4 Koszul complex- complete intersection with an iso- 
lated singularity in dimension 3 

Let us introduce some homological tools we will need in order to find the Poisson 
(co)homology of a GJPS given by A and the Casimir P with some additional condi- 
tions on A and P. We will suppose that A and P form a regular sequence of weight 
homogeneous polynomials with 3 variables and define a complete intersection with an 
isolated singularity. 
Set A = K[x, y, z\. 
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4.1 Weight homogeneous skew-symmetric multi-derivations 

Definition 4.1. Let V £ X 1 (A) and Q £ X q (A). By definition, the Lie derivative of 
Q with respect to V is £\>Q :— [V, Q]s 

Definition 4.2. A non-zero multi-derivation P £ X'(A) is said to be weight homo- 
geneous of degree r £ 1, if there exists positive integers rui, W2,va^ £ N* ; the weights 
of the variables x, y, z, without a common divisor, such that 

Cs„(P)=rP 

where Cg^ is a Lie derivative with respect to the Euler derivation 

d d d 

e ro := mix— + m 2 y-^- + ru 3 z — 
ox oy oz 

The degree of a weight homogeneous multi-derivation P £ X'(A) is also denoted 
by tu(P) £ It. By convention, the zero fc-derivation is weight homogeneous of degree 
— oo. 

The Euler derivation e ro is identified to the element e ra = (w\x, w^y, vj^zf £ A 3 . We 

denote by \uj\ the sum of the weights vj\ + rc?2 + so that \w\ = Div{e^). 

The Euler's formula, for a weight homogeneous F £ A, can be written as 

w(F)F. The isomorphism * M allows us to transport the notion of weight homogeneity 

of skew-symmetric multi-derivations to Kahler p-differential forms. 

Fixing weights zu\, ZU2, 073 £ N*, it is clear that A = ($) ieN Ai, where Aq — K and for 

i £ N*, A4 is the K- vector space generated by all weight homogeneous polynomials of 

degree i. Denoting by Vl k (A)i the if- vector space given by Vl k (A)i — {P £ £l k (A) : 

w(P) = 1} U {0}, we have the following isomorphisms : 



n 3 (A) l = X°{A) l ~ A l 

^ = ^ ( v/ ^)« = ^-i+voi X Ai-\--co 2 ^ Ai-\--cos 

Remark 4.1. As maps from X k {A) to X k ~ 1 (A), each arrow of the complex given by 
is a weight homogeneous map of degree zero, while each arrow of complexes given 
by (pp and is a weight homogeneous map of degree w{\) + w{P), if A and P are 
weight homogeneous elements of A. 

4.2 The Koszul complex-complete intersection with an isolated 
singularity 

Definition 4.3. One say that a weight homogeneous element U £ A = K[x,y,z] has 
an isolated singularity in zero if 

A sing (U):=K[x,y,z]/ <—,—,— > (5) 

has a finite dimension as a K -vector space. 

The dimension of A S ing{P) is called the Milnor number of the singular point. 
Usually, we will say a weight homogeneous polynomial has an isolated singularity to 
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say that it has an isolated singularity in zero. 

We shall now give a definition of dimension for rings. For this purpose, note that the 
length of the chain P r D P r —i D ■ ■ ■ D Pq involving r + 1 distinct ideals of a given 
ring is taken to be r. 

Definition 4.4. The Krull dimension of a ring 1Z is the supremum of the lengths of 
chains of distinct prime ideals in 1Z. 

Definition 4.5. LetlZ be an associative and commutative graded K -algebra. A system 
of homogeneous elements oi, ad in 1Z, where d is the Krull dimension oflZ, is called 
a homogeneous system of parameters of 1Z (h.s.o.p.) if IZj < ai,...,a c i > is a finite 
dimensional K-vector space. 

For example, if we consider the if-algebra A = K[x,y,z), graded by the weight 
degree, we have a natural h.s.o.p. given by the system x, y, z. 

Definition 4.6. A sequence a\, ...,a n in a commutative associative algebra 1Z is said 
to be an IZ-regular sequence if < a\,...,a n >=/= 1Z and a.; is not a zero divisor of 
IZj < oi, dj_i > for i = 1, 2, n. 

For any sequence a\, ...,a„, we can define the following complex, called the asso- 
ciated Koszul complex, which is exact in the case of regular sequence (see Weibel [35]) : 

o — > /\°(iz n ) — > ► A n ~ 2 (iz n ) ^ K l -\iz n ) ^4 f\ n {iz n ) 

71 

where u = ^""^e^ and (ei, ea, • • • , e„) is a basis of an 7^-module free 7Z n . 

i=l 

In our particular case, 1Z — K[x±, X2, ■ ■ ■ ,x n ], using the identifications f\ p (JZ n ) = 
Q P (1Z), the Koszul complex associated to the sequence J^-, J-^-, ■ •• , (P <E 1Z) 
have the following form : 

o — ► A ^ n^A) — > ► n n - 2 {A) ^ n^iA) ^ n n (A) 

Using the vector notation for n = 3, we have the following complex : 

0^A^A 3X ^A a ^A. 

Theorem 4.1. (Cohen-Macaulay). LetlZ be a noetherian graded K -algebra. lflZ has 
a h.s.o.p. which is a regular sequence, then any h.s.o.p. in TZ is a regular sequence. 

Thus, for each P £ A = K [x, y, z] which is a weight homogeneous polynomial with 
an isolated singularity, the sequence ^ , ^ , ^ is regular and the associated Koszul 
complex is exact. 



5 Poisson homology of GJPS in dimension 3 

Let us consider the polynomial algebra A = K[x, y, z] where if is a field of character- 
istic equipped with the GJPS 7r given by two weight homogeneous polynomials A 
and the Casimir P which define a regular sequence and P has an isolated singularity. 
First we compute the kernels (kerdi)i = ijt 3. 

Proposition 5.1. Kerdi =0 = ^F + G^P, F,G E A} 

Proof. Let be a weight homogeneous element of ft 1 (A) = A 3 such that di(G*) = 0. 
This is equivalent to say that VP • = 0. According to the exactness of the 
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Koszul complex associated with P, there exists Gi S A 3 such that 

We get = DivC$ x (f) = • x (2), and therefore G i is also a Poisson cycle. 

Proceeding in this way yields the existence of a sequence of Poisson cycle (G n ) ne u, 
with = Go, such that V x Gk = Gk+i x V P and degC^k+i < degGk- Then there 
exists m G N such that m = 0. Using the Poincare lemma, there exists P m 6 .4 

such that G m = vF m . 

Since V x G m -\ = ~G*k+i x VP = V x (F m VP), by the Poincare lemma, we 
have C^ m _i = F m \^P + ^P m _i. Finally, we get ti = G\?P + ^F, F,G £ A. □ 

Lemma 5.1. Let F G A. F x ^ P — iff F £ K[P]. 

Proof. Let F be a weight homogeneous polynomial such that X?F x ^P = 0. We will 
proceed by induction on the degree of F. If vj(F) 5j 0, the result is obvious. Let us 
suppose now that the result is true for all polynomial of degree less than w(F). Using 
the exactness of the Koszul complex associated with P, there exists a polynomial Pi 
such that ^F = P. Therefore, we get VFi x ^ P = and w{Fx) < m(F). Then 
Pi G K[P] and hence F G K [P\. □ 

Lemma 5.2. Let F be a weight homogenous element of A. If XF — cP r , c £ K and 
r £ N, then c = 0. 

Proof. We will proceed by induction on r. If r = 0, then PA is a constant. This 
is possible only if F = since A ^ 0. Then c = 0. Now, let us suppose that the 
hypothesis is true for some r £ N. Let F be a weight homogeneous polynomial such 
that AP = cP r+ . Since the sequence (A,P) is regular, A is not a divisor of zero in 
A/{P). Then there exists Pi G A such that P = Pi P. Therefore APi = cP r . Using 
the induction supposition, we conclude that c = 0. □ 

Proposition 5.2. Kerd 2 = = x ^P, H £ A} 

Proof. Let G be a weight homogeneous element of ft 2 (A) = A 3 such that d 2 0) = 0. 
Then ~^{\G: • ^P) + \Div0)^P = and therefore ^(A^ ■ ^P) x ^P = 0. Using 
the lemma [5Jl AC^ • V P is a Casimir. Let us suppose that AC^ • V P = cP r , c £ K and 
r is an integer. From lemma [5T^1 c = and then (f • ^P = 0. Therefore Div0) = 0. 
From the Poincare lemma, and hence (^x^)-^P = 0. Using proposition 

15-11 we conclude that there exists F,G £ A such that if = PT^P + ^P. Then 
G = ^JJ x ^P. □ 

Proposition 5.3. Kerd% = {0} 



Proof. Let P be a weight homogeneous element of f2 3 („4) = A such that 83(F) = 0. 
Then ^(AP) x \^P = 0. Then AP is a Casimir. Let us suppose that AP = cP r , c £ K 
and r £ N. According to lemma (|5.2p . c = and therefore P = 0. □ 

Remark 5.1. One can surprisingly remark that the Poisson cycles do not depend on 
the polynomial A. 

Corollary 5.1. PH 3 (A,%) =0. 
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Proposition 5.4. The following complexes are exact and the arrows are maps of 
degree zero: 

— ► K[P] A{-w(P)) © A -A kerdx — > (6) 

a(u(P)) = (-&,«); 
/3(di, a.2) — QiVF + V^a 2 . 

— ► A[P](-ot(P)) -A A(-w(P)) fcer<9 2 — V (7) 

7 (u(P)) = u(P); 
e{H) = VP x VP. 

Proof. Let us give the proof for the first sequence: 

If ax VV + V"a 2 = 0, then (ai vV+ V\i 2 ) x VV = 0. 

Therefore, V"a 2 X VV = and a 2 G A"[P]. Then ai = -ffa. 

We can conclude that the first complex is exact. The proof of the exactness of the 
2nd complex is similar to the first one. □ 

We also have the following trivial exact complex sequence : 

— > kerd i+ i — > tt l+1 (A) — > kerd l — > PH^A, tt) — > (8) 
where i = 0, 1, 2, and the arrows are maps of degree zero. 

Remark 5.2. By using the exactness of the complexes (0|) ; (GJ), 0), we obtain the 
Poincare's series of Poisson homology groups. We can obviously notice that these 
series do not depend on the polynomials A and P , but on weights and the degree of P, 
and it is surprising to observe that these series do not depend on the weight of A. 

We are going to explicitly calculate these Poincare's series when the Casimir P is 
quadratic. 



Theorem 5.1. If ' vo\ = W2 = ^3 = 1 and w{\) = 1, cc(P) = 2, then as K-vector 
spaces, the Poisson homological groups Hi(Cl*(A),7v),i — 1,2,3 have the following 
Poincare series: 



P(PH (A, 7T),t) 

P(PPi(A 7r),<) 

P(PH 2 (A, 7T),t) 



-t +2t+l . 

(i-t a )(i-t)' 



t(2t +t+l 



(l-t*)(l-t) ; 



P(PH 3 (A,7r),t) = 0. 

An example of such quadratic polynomial Poisson has been considered recently by 
Gurevich and Saponov in their paper |13| : 

X = z, P = xy+^z 2 . (9) 
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Another example is a particular case of a family of GJPS mentioned in the PhD thesis 
of Anne Pichereau in 2006 : A = z and P = ^(x 2 +y 2 +z 2 ). The general case considered 
by Pichereau is to set: 

\ = z, P=-^—(x n+1 +y n+1 + z n+1 ). (10) 
n + 1 

Remark 5.3. The first observation is that the third Poisson homological group of 
GJPS is always trivial. That was not the case for of JPS f2Sf . This confirms also the 
fact that the modular class is non trivial since in the trivial case, one would get, by 
Poincare duality that PH3 is isomorphic to PH° = K[P], The second remark explains 
the fact that, as module over the Casimir algebra, K[P\, for i = 0, 1,2, the Poisson 
homological group PHi(A,Tr) is not of finite type as it is the case for quadritic JPS 



6 Poisson cohomology of GJPS in dimension 3 

This section is devoted to the computation of the Poisson cohomology associated 
with a GJPS on A = K[x,y,z] given by the polynomials A and P, as Casimir, with 
additional conditions. We suppose that: 

1. P is weight homogeneous according with some weights zui, w 2 , n7 3 , for the 
variables x, y, z respectively; 

2. P = P+ ^z r+2 , where P G K[x, y], ceK, and r e N; 

3. P has an isolated singularity; 

4. X = z. 

It is interesting to note these assumptions satisfy the conditions considered in the 
section concerning the Poisson homology. 

A direct consequence of these assumptions is that P is a weight homogeneous in 
K[x, z] for some weights zu[ and w' 2 associated to variables x and y respectively, may 
be different from vj\, W2, and has isolated singularity. 

Examples of such GJPS are those considered by Gurevich-Saponov and Pichereau ©, 
(|10p . These examples are homogeneous. Let us give a nonhomogeneous case: 

X = z, P = {x 2 +y 2 + z 3 ). (11) 

In this last case, one observes that zu^ ^ t*7j, i = 1, 2. 



6.1 Vectorial notations in dimension two 

Set B — K[x,y). We have the following isomorphisms of S-modules: 

f! 1 ^) ^> B 2 
F 1 dx + F 2 dy i y (Fi,F 2 ) 

n 2 (B) A b 

Fdx A dy i — > F 
X 1 (B) A B 2 



13 



X 2 (B) B 
^JL a JL 

dx dy 



f4- A # i — > F 



Then using these vectorial notations, the de Rham complex for the algebra B can be 
written as follows: 

K^B A B 2 A B — K), (12) 
where d (F)=(||,f) t ;d 1 (^) = ^-^. 

And from the ★-isomorphism between the Kahler differential forms and the skew- 
symmetric multi-derivation, the de Rham complex could take this second following 
form: 

K ^ B -A B 2 £ — > 

F i — > TiF (13) 

i — > Div(^) 

where = (§§, )' ; = ^ + ^, ^ = (^i, ^ 2 ) 4 e S 2 . 

It is well known that this de Rham complex is exact. 

Now let ip £ B. The associated Koszul complex takes the following form: 

B H B 2 ^ B (14) 

As for the de Rham complex, using the ★-isomorphism between the Kahler differential 
forms and the skew-symmetric multi-derivation, the Koszul complex associated to 
ip £ B can be rewritten in the following second form: 

^ B ^ B 2 ^ B (15) 

Fixing weights w[, vj' 2 £ N* for the variables x, y, it is clear that B = ® ieN Bi, where 
Bo = K and for i £ N*, B{ is the if- vector space generated by all weight homo- 
geneous polynomials of degree i. Denoting by tt k (B)i the if- vector space given by 
VL k (B). L = {P £ Q k (B) : m{P) — i} U {0}, we have the following isomorphisms : 



fl 2 (B)i = X°(B)i = Bi 

ft 1 (B) i = X 1 (B) i = B i+ ^, 1 xB 1+B2 

n a (B) l ^X 2 (B) l ^B l+vjM 

Remark 6.1. As maps from X k (B) to X k ~ 1 (B) each arrow of the complex given by 
\13\) is a weight homogeneous map of degree zero, while each arrow of the complex given 
by H5\) is a weight homogeneous map of degree ■uj{ip) 1 if ip is a weight homogeneous 
element of B. 

6.2 Computation of Poisson cohomology of GJPS in dimension 
3 

We want to describe the Poisson cohomology associated with a GJPS on A — K[x, y, z] 
given by the polynomials A and P as Casimir. We suppose that: 

1. P is weight homogeneous according for some weights zu\, W2, W3, for the variables 
x, y, z respectively; 

2. P = P+ -^ pi z r+2 } where P £ K[x, y] and r £ N; 
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3. P has an isolated singularity; 

4. X = z. 

Theorem 6.1. PH°(A,tt) = K{P\. 

Proof. It is a direct consequence of lemma 15.11 □ 

Since P is weight homogeneous in B — K[x, y], for some weights vj' x and -uj^ of variables 
x and y respectively and has an isolated singularity, B S i ng {P) = r a p B a p \ nas a finite 

dimension as a if- vector space. We denote by /i(-P) the associated Milnor number 
and by i?o = 1, • • • , ^ M (p)_;p a basis of the vector space B S i ng (P). We will denote by 
vj'(F) the weight homogeneous degree of a weight homogeneous element F of B. 
We have the same result for P E A = K[x, y, z]. We will denote by (j,q = 1, • • ■ , /i M (p)-i 
a basis of the if- vector space A S i ng (P). 

Lemma 6.1. We have the following isomorphism of K -vector spaces: 

B 



Proof. Let F £ B be a weight homogeneous polynomial. Our purpose is to prove that 
there exist Q £ B and constants j £ if such that: 



Kp)-i 

P , = tfQ-VP + ^ ^ «>, ; /",y J . (16) 

i6N j'=0 



We have: 



3=0 

where £ ^H^ro'rFi-aj'CP)' an< ^ a °> ' ' ' > a fj,(P)-i e ^ Let ^ = m o-x(zu' 1 ,zu' 2 ). 

If vj'{F) < ru'(P) - m, then = (a, 6)' £ if 2 . Therefore C! = t!Q, Q = -fox + ay. 

And we get the expected result. 

Now let us suppose that tu'(F) > w'(P) — w and that for any weight homogeneous 
polynomial L £ B of degree less than w'(F) — 1, an equality of the form (fT5|) holds. 
Since 

Diw I C "-^ DivtOe^, I = 



~d Div0)e^ I = 

vj'{F)-w'{P) + \w'\ J 



where \tjj'\ = V3' x + ro^; e ro / = (w^X\, vo'^x-if , and according to exactness of the de 
Rham complex [T31 there exists a weight homogeneous polynomial U £ B such that: 

^ = ttu + ^ Div0)e m >. 

w'{F)-vj'(P) + \w'\ 

Then 

t ■ ^p = rT [/ • + Di«(#)p. 

vj'(F) - w'{P) + |ro'| 
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Since w'(Div(^)) = cc'(F) — zu'(P) and according to the recursion hypothesis, there 
exist V € B and constants /3jj € K such that: 

-4 ^~ M(i5)_1 ~ 

Div(u) = "riV • VP + ^ ^ Pi,jP%- 

Therefore, we obtain the expected result. □ 
Proposition 6.1. We ftoroe the following isomorphism of K -vector spaces: 

, m(-P)-i 

7-3 3-^3 T =00 KP'XH,. 

{(VA x VP) • VQ, Q e X) ljeN fe=0 

Proof. Let Pe^l = P^[s, y, 2]. We have: 

where Fi 6 6. According to the previous lemma, there exist polynomials Qj € £> and 
some constants cti.^/c G PC such that 

Fj =TtQ 3 -« VP + E X n, ,. ; ./"iPv. 

iGN fe=0 

SinCC ^~ -> -> 

UQj ■ VP = ( V A x VP) • VQ l 

and 

A j '(V"a x v"p) • ^Qi = (V*A x V"p) • V(X j Qi), 
we get the expected result. □ 

Proposition 6.2. Let F E A = K[x,y,z}. There exists G e A 3 such that 

M (P)-i 

F e ^P • (V x G) + PT[P]/x s - 

Lemma 6.2. tui + n?2 — 073 and ^|^'| — 'T+J^) have the same sign. 

Proof. Set a = pgcd(wi,w 2 )- Then roi = and n7 2 = 2a. Note that ra(P) = 
mz(r + 2). From 

roi dP w 2 dP , ~ ~ 

— x-z- H y-x- = P P, 

a ax a ay 



we obtain 



«9P <9P aw'(P) <9P , ,~ 

ox oy r + 2 oz 



Then vj(P) = azu(P), 073 = at T,^ and we deduce that 



/ W '( P ) 1 / _ N 

w l + zu 2 — — = — [mi + zu 2 - tn 3 j . 

r + 2 a 



□ 
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Theorem 6.2. Suppose that w\ + voi — > 0. Then the third Pois son cohomological 
group associated to the GJPS given by the polynomials A and P as Casimir, which 
satisfy the conditions i!6'.£)J . is given by: 

PH s (A,7r)=K[P]®A sing (P'), 

where P' = P+-^z r+z . 

r+3 

Proof. Let F be a weight homogeneous element of A. From the previous proposition 
16.11 there exist Q G A and constants a^j^k € K such that: 

M (P)-i 

F = VQ • (VA x VP) <>, ,./ /"A'i/i. (17) 

But one can observe that • (Va x ^p) = 5 2 (-^Q). Then 

M (P)_i 

,4 = Pm<> 2 +^ ^ KP l \ j V k . 
Now fix j > 2. Using the Proposition 16. 2\ there exists G „4 3 such that: 
PA J - 2 i? fe eVF-(VxG)l)] ^ ifP^s- 

Since 6 2 (-\(3) = A 2 ^P -(vx(l),we get: 

MP)-i 

PA J z9 fe e 7m<5 2 ^ K\ 2 P l ^ s . 

left s =o 

Therefore 

/i(P)-i _ 
„4 = /m5 2 +^ ^ ^A 2 PVs+^ £ KP j \d k . 

l£fi s=0 i6N fc=0 j6N /c=0 

On the other hand, since P = P — A r+2 , there exists Q t £ A such that P ! = 

P l + \ r+2 Qi. Then P l $ k = P l d k + \ r+2 Q t d k . 

But according to Proposition 16.21 there exists Gi G A 3 such that 

M(P)-1 

a^q^, e vp • ( v x a) + E Kpl ^ 

and we have 

M (P)-1 

A r+2 QA G ImS 2 + J2 J2 Kx2pl ^- 

/ £ N s=0 

Therefore 

P i ^ k elm8 2 + P i i9 k + J2 J2 Kx2pl ^s- 
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In the same way, we get 

K-P)-i 

\P l $ k £ ImS 2 + XP^k+Y^ E K\ 2 P l [i s . 

ZgN s=0 

Then 

n{P)-\ 

,4 = /m<5 2 + ^ 2T[P]AV S + 51 #[ p ] A ^ + I] 

s=0 fc=0 fc=0 

From the canonical isomorphism of if -vector spaces 



(dP dP z r+l 
\ dx ' <9y ' 



9a; ' <9y 



and according to the fact that P G K[x,y], we suppose that = Az9fc, ■ • • , A 7 "??*;}. 
Therefore 

i=0 fc=0 

Now set T^fe = (zu^ydk, —Tu^xiDk, 0)*. We have: 

= (\zui\+vj'($ k ))\ r + 2 $k + m'(P)P$ k 

= {W'{$ k ) + \VJ'\ - ^)\r+H k + Zu'{P)Pd k . 

Then 

r+lM^)-l 

A = ImS 2 + Y, E K \ P ] Xi ®k- ( 18 ) 

i=0 fc=0 

Let us now prove that the sum (fT5)) is a direct one. First of all note that 

r+ i M (P)-i 

KX%. (19) 



(dP dP ^ r +2 
\ dx ' <9y 5 



i=0 fc=0 



Let us suppose the contrary. Consider jo the smallest integer such that there exists 
an equation of the form: 

r+l KP)-1 

*w = ££ £ (2°) 

*=0j>io fc=o 

where F G „4 3 , a^jfe G K and aj 0) j 0j fe 7^ 0, for at least one io e N and for some 
fco G {(),••• ,/i(P)-l}. 
Suppose that jo = 0. Then 

r+l/x(P)-l -r + l ^(i 5 )-! 

£ E awA^* = -EE E "iMVpifik 

i=0 fc=0 i=0 j£N* fc=0 

-A^P • x P^ - ^ • (Va x ^P 

e (9P OP X r+2 
\ ox 7 ay 5 
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Therefore, according to (flU)) . o^o.fc = 0, for all i G {0, •■• ,r + 1} and all fc S 
{0, • • ■ , n(P) — 1}- That is a contradiction with the hypothesis. Then j > 1, and 
using the Euler formula, we can write: 

E E "E '^A'P'-^P • e„ = ^P • (-A^ x f + ^A x f ) . 

t=0j>io fc=0 ^ ' 

According to the exactness of the Koszul complex associated with P, there exists 
H e A 3 such that 

r+l M(-P)-l 

EE E 3pT Aipi " 1,?fee - = (~ A ^ x ^ + ^ A x ^) + ^ x ( 21 ) 

i=0j>j k=0 * ' 

Set pf = XG* + L, where G G ^4 3 and L £ £? 3 = -ftT[x, y] 3 . Then if we consider the 
scalar product of left and right parts of the equation ([2"Tj) by ^A , we get: 

^"^^y+ipi-i^ = _ A ^A-(V x f)-X^-(^X x ^p)-t-(^A x ^p) . 

i=0j>ja k=0 W ^ ' 

Therefore ~t ■ (Va x ^ p) e (Z) n K[x, y}. Then 

• (Va x ^P) = 0, (22) 

and 

r+i m(^)-i 

£ J2 ^^f^P^ =4A.(^X^)4. (Va x ^P) . (23) 

Suppose that L = (L\, L>2, £3)* and set L' = (L^^L-if € £> 2 . Then equation (f2"2"j) is 
equivalent to ~t> ■ "rf-p = 0. Then i ' = Z^P, L <E B, according to the exactness of 
the Koszul complex associated with P E B. 

Now if we compute the divergence of the left and right parts of equation (|2"Tj) . we 
obtain: 



r+l M-P)-i 

EE E 3pT[^3 + (j-l)^(P)+^^ fe ) + |ti7|]A 4 P^ 1 ^ = -2^A.(^x i?) 

i=0j>j o fc=0 ^ ' 7 

+ A^P • (V x tf) - G* • f^A x ^p) + 5 2 (-^G), (24) 

where G = -A r+1 L + L 3 . 

From equations (|2"3")l and we obtain: 

r+l 

EE E ^d,^ ipi ~^k =6 2 0-^G), (25) 

i=0j>j' o fc=0 

where ft,,- fc = [M£)±gW±^+gg±(lzM Q . . <fc and ^ = Jq _ L 

□ 
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Then we obtain an equation of the form (|20[) . but with j'q < jo- That is a contra- 
diction of our hypothesis. 

Lemma 6.3. Let L e B = K[x,y]. ttL-^P = iff L G K[P\. 

Proof. Let I be a weight homogeneous element of B such that ctX • \?P = 0. Then 
from the exactness of the Koszul complex associated to P, we deduce that there exists 
L x G S such that tfL = L X \^P. We have ro'(Li) < vj'{L), and = "dX • ^P = 
ti"Li • ^P. Therefore when we continue in this way, we get a sequence of elements 
(X n )„ £ N, L — Lq, of B such that ~^L n ■ \^ P — and vo'(L n+ i) < zu'(L n ). Then there 
exists m G N such that □ L m = 0. Hence L m = c m G K. Therefore, using the exactness 
of the de Rham complex, there exists c m _i G K such that L m -\ = c m P + c m _i. We 
can continue this procedure and at end we get L £ K\P\. □ 



Lemma 6.4. For any s G N, there exists F s G A such that P s x ^P] = 
P s x ^p) + J°(P S ). 

Proof. We will prove by induction on s. For s = 0, choose Fq = 0. Let us suppose the 
result true for some s G N. We have: 

S°(P S + 1 ) = A(^P S+1 x ^P) 

= (s + l)AP s (^Px^F) 

= (s + l)AP s (V(P- A r + 2 ) x ^P) 

= -(s + 1)A ,+2 P S (^A x ^P) 

= -(s + l)(r + 2)(P- P)P S (^A x ^P) 

= -(s + l)(r + 2)PP S {^\ x ^P) + (s + l)(r + 2)P S+1 (\^A x ^P) 



But 



Then 



P s (V x ^p) = P s (V x ^p) + <5°(F S ). 
P s+1 (V x ^p) = P s+1 (V x X?p) + S°(F S+1 ) 



where P s+1 = PF S + P»+i. □ 



CU2 

vj{P) = n7i + n72 



(s+l)(r+2) 

Theorem 6.3. PP V, = { K[P]( I A X I F) " * ^ 

[ K[P](VX x VP)®K[P]e ro i/ t 

Proof. Let P^ be a weight homogeneous element of PJer^ 1 . Then 

A^(p" • ^P) + (\Div(P) + F* ■ ^A) ^P = 0. (26) 

Therefore A^(P^ • ^P) x Y^P = 0. Hence ~P ■ "$P G PJ[P]. Set ~P -^P = cP i+1 , 

(eN. 

From the exactness of the Koszul complex associated with P, we deduce that there 
exists ~(j E A 3 such that 

f = ~4^P l e m + ~3x\fp 
w{P) 
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Since S 1 ^) = 0, we have c(l - ^ffi ) = 5 2 (-~&). Therefore, from theorem ECU we 

havec(l-^^) =SH-^) = 0. 

Set ~& = XPi + ~t, P? e ^ 3 and ~t e B 3 . Then 



A 2 ^P ■ x P?) + X^P ■ x ~L) + ~L ■ x ~^P) 



0. 



Hence ~t ■ (\?XxX?P) G {z)C\B = {0}. Therefore ~t-(^Xx^P) = ~t'-^P = 0, where 

L' = (L 1 ,L 2 ) t if L = (L 1 ,L 2 , L 3 f. Then there exists L € B such that L' = LT$P. 
On the other hand 

X^P .(^xf) = -A^P • # x t) = - ( ^ - ^) - TlLs ■ 1?. 

\ ox ay J 

Hence "rfP 3 ■ \?P E B n (z) = {0}. Therefore L 3 £ K[P}. Set L 3 = aP s . We obtain 

L = L^P + {aP s - A r+1 )^A, 

and 

^P • (V x H) = ^P ■ (V x (A r P^A)) . 
We can therefore deduce that there exist Qi, Q 2 £ A such that 

P? = A'P^A + ^Qi + Q 2 ^P 

Finally, we obtain 

^ = ^y^e w + A(^QiX^P)+aP s (^Ax^P) 
P'e ro + S°(Qi) + aP s (^X x ^P). 



From the lemma EH there exists F s e A such that aP s (^X x ^P) = aF s (\^A x 
^P) +(5°(P S ). Then 

^ = ~4^P 1 ^ + «P s (^A x ^P) + 5°(Q! + P s ), 

with the condition that c(l- ro ^+^ 2 ) = 0. Since 5 1 (e^ 7 ) = (roi + vo 2 - uj(P))XVP, 
we can conclude that 

RerS i = f if [P](^A x ^P) + Jm5° »/ tu(P) 7^1 + w 2 f27l 



Since the sum in (|27|) is direct, the result follows. Let us prove it. Consider P, a 
weight homogeneous element of A, and a, j3 £ K, I, s £ N, with the condition that 
a = if nj(P) = tui + ti72, such that 

aP'e ro + (3P sl $X x^P = S°(F) = A^A x ^ P. 

Then aP e ro = 0, and therefore a = 0. On the other hand there exists P s 6 A 

such that P s = P s + X r+2 P S . Hence 

A(^A x ^P) = /?P S (^A x ^P) = /?P S ^A x ^P + /3A r+2 P s (^A x ?P). 
We deduce that (3P S ^X x ^P e (A.4 3 ) x B 3 = {0}, and therefore /3 = 0. □ 



21 



Remark 6.2. One can observe that the Poisson homological groups of GJPS, with the 
assumptions of the beginning of this section, are free and of finite type as modules over 
the center of the Poisson algebra K[P]. This is not true for their Poisson homological 
groups. 
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